Abstract. Let R be a polynomial ring in finitely many variables over the integers. Fix an ideal a of R. We prove that for all but finitely many prime integers p, the Bockstein homomorphisms on local cohomology, H k a ðR=pRÞ ! H kþ1 a ðR=pRÞ, are zero. This vanishing of Bockstein homomorphisms is predicted by Lyubeznik's conjecture which states that when R is a regular ring, the modules H a ðRÞ have finitely many associated prime ideals.
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Bockstein homomorphisms in local cohomology By Anurag K. Singh at Salt Lake City and Uli Walther at West Lafayette Abstract. Let R be a polynomial ring in finitely many variables over the integers. Fix an ideal a of R. We prove that for all but finitely many prime integers p, the Bockstein homomorphisms on local cohomology, H k a ðR=pRÞ ! H kþ1 a ðR=pRÞ, are zero. This vanishing of Bockstein homomorphisms is predicted by Lyubeznik's conjecture which states that when R is a regular ring, the modules H a ðRÞ have finitely many associated prime ideals.
We further show that when R is replaced by a hypersurface ring, the vanishing of Bockstein homomorphisms-as well as the analogue of Lyubeznik's conjecture-need not hold.
Bockstein homomorphisms have their origins in algebraic topology; we establish a connection between algebraic and topological Bockstein homomorphisms through Stanley-Reisner theory.
Introduction
Let R be a polynomial ring in finitely many variables over Z, the ring of integers. Fix an ideal a of R. For each prime integer p, applying the local cohomology functor H a ðÀÞ to 0 ! R=pR ! We prove that for all but finitely many prime integers p, the Bockstein homomorphisms b k p are zero, Theorem 3.1.
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Our study here is motivated by Lyubeznik's conjecture [11] , Remark 3.7, which states that for regular rings R, each local cohomology module H k a ðRÞ has finitely many associated prime ideals. This conjecture has been verified for regular rings of positive characteristic by Huneke and Sharp [4] , and for regular local rings of characteristic zero as well as unramified regular local rings of mixed characteristic by Lyubeznik [11] , [12] . It remains unresolved for polynomial rings over Z, where it implies that for fixed a L R, the Bockstein homomorphisms b k p are zero for almost all prime integers p; Theorem 3.1 provides strong supporting evidence for Lyubeznik's conjecture.
The situation is quite di¤erent when, instead of regular rings, one considers hypersurfaces. In Example 4.2 we present a hypersurface R over Z, with ideal a, such that the Bockstein homomorphism H 2 a ðR=pRÞ ! H 3 a ðR=pRÞ is nonzero for each prime integer p.
Huneke [6] , Problem 4, asked whether local cohomology modules of Noetherian rings have finitely many associated prime ideals. The answer to this is negative: in [15] the first author constructed an example where, for R a hypersurface, H 3 a ðRÞ has p-torsion elements for each prime integer p, and hence has infinitely many associated primes; see also Example 4.2. The issue of p-torsion is central in studying Lyubeznik's conjecture for finitely generated algebras over Z, and the Bockstein homomorphism is a first step towards understanding p-torsion.
For local or graded rings R, the first examples of local cohomology modules H k a ðRÞ with infinitely many associated primes were produced by Katzman [9] ; these are not integral domains. Subsequently, Singh and Swanson [17] constructed families of graded hypersurfaces R over arbitrary fields, for which a local cohomology module H k a ðRÞ has infinitely many associated primes; these hypersurfaces are unique factorization domains that have rational singularities in the characteristic zero case, and are F -regular in the case of positive characteristic.
In Section 2 we establish some properties of Bockstein homomorphisms that are used in Section 3 in the proof of the main result, Theorem 3.1. Section 4 contains various examples, and Section 5 is devoted to Stanley-Reisner rings: for D a simplicial complex, we relate Bockstein homomorphisms on reduced simplicial cohomology groupsH H ðD; Z=pZÞ and Bockstein homomorphisms on local cohomology modules H a ðR=pRÞ, where a is the Stanley-Reisner ideal of D. We use this to construct nonzero Bockstein homomorphisms on H a ðR=pRÞ, for R a polynomial ring over Z.
Bockstein homomorphisms
Definition 2.1. Let R be a commutative Noetherian ring, and M an R-module. Let p be an element of R that is a nonzerodivisor on M.
Let F be an R-linear covariant d-functor on the category of R-modules. The exact sequence
The Bockstein homomorphism b k p is the composition
It is an elementary verification that b p agrees with the connecting homomorphisms in the cohomology exact sequence obtained by applying F to the exact sequence
Let a be an ideal of R, generated by elements f 1 ; . . . ; f t . and thus a filtered direct system fK ð f e ; MÞg ef1 . The direct limit of this system can be identified with the Č ech complex C C ð f ; MÞ displayed below:
The local cohomology modules H a ðMÞ may be computed as the cohomology modules of 
Nonetheless, the diagram below does commute, hinting at Lemma 2.4: In particular, the Bockstein homomorphisms on H a ðR=pRÞ are zero for all but finitely many prime integers p.
We use the following notation in the proof, and also later in Section 5. Notation 3.2. Let R be a ring with an endomorphism j. Set R j to be the R-bimodule with R as its underlying Abelian group, the usual action of R on the left, and the right R-action defined by r 0 r ¼ jðrÞr 0 for r A R and r 0 A R j . One thus obtains a functor
on the category of R-modules, where R j n R M is viewed as an R-module via the left R-module structure on R j .
Proof of Theorem 3.1. The R-modules H k ð f ; RÞ are finitely generated, so
is a finite set of prime ideals. These finitely many prime ideals contain finitely many prime integers, so the latter assertion follows from the former.
Fix a prime p that is a nonzerodivisor on H kþ1 ð f ; RÞ. Suppose R ¼ Z½x 1 ; . . . ; x n , set c to be the endomorphism of R determined by cðx i Þ ¼ x p i for each i. For each positive integer e, consider R 
where c e ð f Þ ¼ c e ð f 1 Þ; . . . ; c e ð f t Þ. Thus, the connecting homomorphism in the exact sequence
is zero, and hence so is the Bockstein homomorphism We remark that R is a regular ring: since R x ¼ Z½x; 1=x and R y ¼ Z½y; 1=y are regular, it su‰ces to observe that the local ring R ðx; yÞ is also regular. Note, however, that R is ramified since R ðx; yÞ is a ramified regular local ring. Example 4.2. We give an example where b 2 p is nonzero for each prime integer p; this is based on [15] , Section 4, and [16] . Consider the hypersurface R ¼ Z½u; v; w; x; y; z=ðux þ vy þ wzÞ and the ideal a ¼ ðx; y; zÞR. Let p be an arbitrary prime integer. Then the element ðu=yz; Àv=xz; w=xyÞ A R yz l R xz l R xy gives a cohomology class Canceling ðxyzÞ k and specializing u 7 ! 1, v 7 ! 1, w 7 ! 1, we have
which is easily seen to be false.
Q be a smooth elliptic curve. Set R ¼ Z½x 0 ; . . . ; x 5 and let a H R be an ideal such that ðR=aÞ n Z Q is the homogeneous coordinate ring of E Â P 1 Q for the Segre embedding E Â P 1 Q H P 5 Q . For all but finitely many prime integers p, the reduction mod p of E is a smooth elliptic curve E p , and R=ða þ pRÞ is a homogeneous coordinate ring for E p Â P 1 Z=p ; we restrict our attention to such primes.
The elliptic curve E p is said to be ordinary if the Frobenius map
is injective, and is supersingular otherwise. By well-known results on elliptic curves [2] , [3] , there exist infinitely many primes p for which E p is ordinary, and infinitely many for which E p is supersingular. The local cohomology module H 4 a ðR=pRÞ is zero if E p is supersingular, and nonzero if E p is ordinary, see [4] , page 75, [13] , page 219, [18] is zero for almost all p. It is known that the ideal aR=pR is generated up to radical by four elements, [18] , Theorem 1.1, and that it has height 3. Hence b k p ¼ 0 for k 3 3.
Stanley-Reisner rings
Bockstein homomorphisms are originated in algebraic topology where they were used, for example, to compute the cohomology rings of lens spaces. In this section, we work in the context of simplicial complexes and associated Stanley-Reisner ideals, and relate Bockstein homomorphisms on simplicial cohomology groups to those on local cohomology modules; see Theorem 5.8. We use this to construct nonzero Bockstein homomorphisms H The associated Stanley-Reisner ideal in Z½x 1 ; . . . ; x 6 is generated by
x 2 x 4 x 5 ; x 2 x 5 x 6 ; x 3 x 4 x 5 ; x 3 x 4 x 6 :
Remark 5.3. Let D be a simplicial complex with vertex set f1; . . . ; ng. Let a be the associated Stanley-Reisner ideal in R ¼ Z½x 1 ; . . . ; x n , and set n to be the ideal ðx 1 ; . . . ; x n Þ. The ring R has a Z n -grading where deg x i is the i-th unit vector; this induces a grading on the ring R=a, and also on the Č ech complex C C ¼ C C ðx; R=aÞ. Note that a module
Hence ½ C C 0 , the ð0; . . . ; 0Þ-th graded component of C C , is the complex that computes the reduced simplicial cohomologyH H ðD; ZÞ, with the indices shifted by one. This provides natural identifications and an identification of Bockstein homomorphisms
Proposition 5.5 extends these natural identifications.
Definition 5.4. Let D be a simplicial complex, and let t be a subset of its vertex set. The link of t in D is the set
Proposition 5.5. Let D be a simplicial complex with vertex set f1; . . . ; ng, and let a in R ¼ Z½x 1 ; . . . ; x n be the associated Stanley-Reisner ideal.
Let G be an Abelian group. Given u A Z n , setũ u ¼ fi j u i < 0g. Then
& where n ¼ ðx 1 ; . . . ; x n Þ. Moreover, for u e 0, there is a natural identification of Bockstein homomorphisms
This essentially follows from Hochster [5] , though we sketch a proof next; see also [1] 
Proof. We may assume G is nontrivial; set T ¼ R=a n Z G. As in Remark 5.3, we compute H k n ðTÞ as the cohomology of the Č ech complex C C ¼ C C ðx; TÞ.
We first consider the case where u j > 0 for some j. If the module
is nonzero, then x j 3 0 in T x i 1 ÁÁÁx i k , and so f j; i 1 ; . . .
Hence, if the complex ½ C C u is nonzero, then it computes-up to index shift-the reduced simplicial cohomology of a cone, with j the cone vertex. It follows that ½H k n ðTÞ u ¼ 0 for each k. 
where E p ¼ Hom S ðS=pS; EÞ.
Let C C be the Č ech complex on a system of parameters of S. Since S is Gorenstein, C C is a flat resolution of H d ð C C Þ ¼ E, and therefore
Since p is M-regular, the complex F =pF is a resolution of M=pM by free S=pS-modules. Hence
Repeating the proof of (5.6.1) over the Gorenstein ring S=pS, which has dimension d À 1, we see that
. . . ; x n be a polynomial ring. Fix an integer t f 2, and set j to be the endomorphism of R with jðx i Þ ¼ x t i for each i; note that j is flat. Consider R j as in Notation 3.2; the functor F with
is an exact functor F on the category of R-modules. There is an isomorphism FðRÞ G R given by r 0 n r 7 ! jðrÞr 0 . More generally, for M a free R-module, one has FðMÞ G M. For a map a of free modules given by a matrix ða ij Þ, the map FðaÞ is given by the matrix À jða ij Þ Á . Since F takes finite free resolutions to finite free resolutions, it follows that for R-modules M and N, one has natural isomorphisms
see [13] , §2, or [19] , Remark 2.6.
Let a be an ideal generated by square-free monomials. Since jðaÞ L a, there is an induced endomorphism j of R=a. The image of j is spanned by those monomials in x t 1 ; . . . ; x t d that are not in a. Using the map that is the identity on these monomials, and kills the rest, one obtains a splitting of j. It follows that the endomorphism j : R=a ! R=a is pure.
Since the family of ideals fj e ðaÞRg is cofinal with the family fa e g, the module H k a ðRÞ is the direct limit of the system
The maps above are injective; see [10] After replacing a by its radical, assume a is generated by square-free monomials. Fix an integer t f 2 and, as in Remark 5.7, let j be the endomorphism of R with jðx i Þ ¼ x t i for each i. Then where the maps in the direct system are injective. It su‰ces to verify that M has nonzero p-torsion if and only if FðMÞ has nonzero p-torsion; this is indeed the case since F is an exact functor. r
